We discuss the polynomial representation for long knots and elaborate on how to obtain them with a bound on degrees of the defining polynomials, for any knot-type.
Introduction
This paper is aimed to be a survey article on the polynomial representation of knots and includes all the results proved by the authors. A. Durfee and D. Oshea [1] wrote a similar paper in 2006. Our paper provides a more constructive approach and uses recent knot theoretic results. Polynomial Representation for long knots were first shown by Shastri [15] . Shastri proved that for every knot-type K (R ֒→ R 3 ) there exist real polynomials f (t), g(t) and h(t) such that the map t → (f (t), g(t), h(t)) from R to R 3 represents K and in fact the above map defines an embedding of C in C 3 . Shastri's motivation for proving this theorem was perhaps to find a non-rectifiable polynomial embedding of complex affine line in complex affine space which could prove one of the famous conjecture of Abhayankar [2] . However, this conjecture is still open. A knot represented by a polynomial embedding is refered as a polynomial knot. Email addresses: r.mishra@iiserpune.ac.in, prabhakar@iitg.ernet.in (Rama Mishra † and M. Prabhakar * ).
Similar to the case of Harmonic knots [17] and Holonomic knots [5] it has been proved that the space of all knots [14] , up to ambient isotopy, can be replaced by the space of all polynomial knots, up to polynomial isotopy [16] . However polynomial parametrization of knots not only represents the knot type, it also can represent a specific knot diagram. For instance, it has been shown that we can capture the symmetric behavior of knots such as strong invertibility and strong negative amphicheirality in their polynomial representation [9] . Polynomial knots are also important from the point of view of computability as we can easily obtain three dimensional graphs of polynomial knots using Mathematica or Maple as illustrated in section 6. In Shastri's theorem the existence of a polynomial representation for a given knot type K is shown by using Weierstrass' approximation. Thus, estimating the degrees of the polynomials is not clear. Suppose t → (f (t), g(t), h(t)) is a polynomial representation of a knot type K and deg(f (t)) = l, deg(g(t)) = m and deg(h(t)) = n, then we say that (l, m, n) is a degree sequence of K. We define (l, m, n) to be the minimal degree sequence of K if (l, m, n) is minimal amongst all the degree sequences of K with respect to the usual lexicographic ordering of N 3 . Note that a degree sequence of K need not be unique. Also, with a given triple (l, m, n) of positive integers, the space of polynomial knots with (l, m, n) as a degree sequence is a semi algebraic set [4] , and thus only finitely many knot-types can be realized with a given degree sequence. Hence, for a given knot-type estimating a degree sequence and eventually the minimal degree sequence is an important aspect for polynomial knots. In our earlier papers ( [14] , [7] , [8] , [10] , [11] , [12] ) we have estimated a degree sequence and the minimal degree sequence for torus knots and 2-bridge knots.
In this paper, for any given knot type we give a concrete algorithm for writing down a polynomial representation and hence estimating a degree sequence. For this purpose, we use a recent theory of quasi toric braid representation of knots [6] . It is established by Manturov that every knot is ambient isotopic to some knot which is obtained by making a few crossing changes in some torus knot [6] . Thus, when we know a degree sequence for all torus knots, we can have some estimate on a degree sequence for a general knot also. Here we discuss this idea in detail and provide a method to obtain a degree sequence for a general knot type.
In section 2, we provide the basic definitions and historical background of the subject. We also include some known results without the proofs. In section 3, we state and prove the main result. We demonstrate this method and construct a polynomial representation for the knot 8 17 in section 4. Polynomial representation of all knots up to 8 crossings and their 3d plots taken with the help of Mathematica are included in section 5 and section 6 respectively.
Some Known Results
In this section we present the basic definitions, background and the known results which serves as the prerequisite for the main result.
Definition 1 Two non-compact knots ( φ 1 : R −→ R 3 ) and ( φ 2 : R −→ R 3 ) are said to be equivalent if their extensions φ 1 and φ 2 from S 1 to S 3 are ambient isotopic. An equivalence class of a non-compact knot is a knot-type.
Once we have an embedding of R in R 3 we may wish to see if it can be extended as an embedding of C in C 3 .
Remark 2 When we have an embedding given by t → (f (t), g(t), h(t)) from R to R 3 , where f (t), g(t) and h(t) are three real polynomials, it defines a noncompact knot and it can always be made into a polynomial embedding of C in C 3 by perturbing the coefficients of any one of the polynomials.
Definition 3 Two Polynomial embeddings φ 1 , φ 2 : C ֒→ C 3 are said to be algebraically equivalent if there exists a polynomial automorphism F :
Definition 4 A polynomial embedding C ֒→ C 3 is said to be rectifiable if it is algebraically equivalent to the standard embedding t → (0, 0, t) of C in C 3 .
Conjecture 5 (Abhayankar [2] ) There exist non-rectifiable embeddings of C in C 3 .
The above stated conjecture is still open.
Remark 6
If a polynomial embedding R ֒→ R 3 which is also an embedding of C ֒→ C 3 is rectifiable, using a polynomial automorphism with real coefficients only, it is certainly a trivial knot.
Thus to obtain examples of non-rectifiable embeddings we must have polynomial embeddings which represent non-trivial knots. This raises the following question: Does every knot have a polynomial representation?
Fortunately we have an affirmative answer and the following results have been proved in this line.
Theorem 7 [15] Every knot-type (R ֒→ R
3 ) has a polynomial representation t → (f (t), g(t), h(t)) which is also an embedding of C ֒→ C 3 Theorem 8 [16] Two polynomial embeddings φ 0 , φ 1 : R ֒→ R 3 representing the same knot-type are polynomially isotopic. By polynomially isotopic we mean that there exists {P t : R ֒→ R 3 | t ∈ [0, 1]}, a one parameter family of polynomial embeddings, such that P 0 = φ 0 and P 1 = φ 1 .
Both these theorems were proved using Weierstrass' approximation. Thus the nature and the degrees of the defining polynomials cannot be estimated.
Definition 9 A triple (l, m, n) ∈ N 3 is said to be a degree sequence of a given knot-type K if there exists f (t), g(t) and h(t), real polynomials, of degrees l, m and n respectively, such that the map t → (f (t), g(t), h(t)) is an embedding which represents the knot-type K.
Definition 10 A degree sequence (l, m, n) ∈ N 3 for a given knot-type is said to be the minimal degree sequence if it is minimal amongst all degree sequences for K with respect to the lexicographic ordering in N 3 .
The following results have been obtained in the past.
Theorem 11 [14] A torus knot of type (2, 2n + 1) has a degree sequence (3, 4n, 4n + 1).
Theorem 12 [7] A torus knot of type (p, q), p < q, p > 2 has a degree se-
It is easy to observe that these degree sequences are not the minimal degree sequence for torus knots. For minimal degree sequence we have the following:
The minimal degree sequence for torus knot of type (2, 2n+ 1) for n = 3m; 3m + 1 and 3m + 2 is (3, 2n + 2, 2n + 4); (3, 2n + 2, 2n + 3) and (3, 2n + 3, 2n + 4) respectively.
Theorem 14 [11] The minimal degree sequence for a 2-bridge knot having minimal crossing number N is given by Closure of a toric braid gives a torus link of type (p, q). In particular if (p, q) = 1, then we obtain the torus knot of type (p, q), and it is denoted by K p,q . In order to prove this theorem, we first prove the following lemmas.
Definition 17
Lemma 20 Let t → (f (t), g(t)) represents a regular projection of a knot K. Let N be the number of variations in the nature of the crossings as we move along the knot. Then there exists a polynomial h(t) of degree N such that the embedding t → (f (t), g(t), h(t)) is a representation of K.
Proof. Let s 1 < s 2 < . . . < s N be such that all crossings correspond to parameter values t ∈ R \ {s 1 , s 2 , . . . , s N } and in any of the open intervals (−∞, s 1 ), (s 1 , s 2 ), . . . , (s N , ∞) all the crossings are of the same type (either over or under), also in successive intervals, the crossings are of opposite type. Now define
It is easy to observe that h(t) has constant sign on each interval and opposite sign on consecutive intervals, i.e. it provides an over/under crossing data for the knot-type. Hence t → (f (t), g(t), h(t)) is a polynomial representation of K.
Lemma 21 Let K be a knot represented by a polynomial embedding t → (f (t), g(t), h(t)). Let K r be a knot obtained from K by making r crossing changes from over to under or vice versa. Let N be the degree of h(t) polynomial. Then K r can be represented by a polynomial embedding
where deg(h r (t)) is at most N + 4r.
Proof. It can be easily shown by induction.
Proof of Theorem 19. Since the regular projection of K, is same as that of K p,q , it has (p − 1)q real ordinary double points.
Case 1 When (q + 1, 2p − 1) = 1. In this case by taking a real deformation of the curveC : (t 2p−1 , t q+1 ) with maximum number of real nodes, which is (p − 1)q, we obtain a regular projection of this knot. This deformation exists by Norbart A'Campo's Theorem [3] .
Case 2 When (q + 1, 2p − 1) = 1. Here we choose the least positive integer r 0 such that (2p − 1, q + r 0 ) = 1 and consider the curveC : (X(t), Y (t)) = (t 2p−1 , t q+r 0 ). The maximum number of double points in a deformation of this curve is (p − 1)(q + r 0 − 1) = (p − 1)q + (r 0 − 1)(p − 1). By a result from real algebraic geometry [13] , we can choose a real deformationC : (X(t), Y (t)) = (f (t), g(t)) with deg(f (t)) = 2p −1, deg(g(t)) = q + r 0 such thatC has (p −1)q real nodes and (r 0 − 1)(p − 1) imaginary nodes.
Observe that the crossing data for this knot differs from that of K p,q at r places, by Lemma 21, there exists a polynomialh(t), with degree d ≤ 2q − 1 + 4r, which provides an over/under crossing data for K. Thus we have shown that (2p − 1, q + r 0 , d) is a degree sequence for K.
The knot 8 17
Consider the knot 8 17 whose minimal braid representation is σ
2 . Now by using the relation σ 1 σ 2 σ 1 = σ 2 σ 1 σ 1 we can replace σ −1 σ 2 by σ 2 σ 1 σ
and obtain an equivalent braid representation as:
This is a quasitoric braid representation for 8 17 . We see that it is obtained by making crossing changes in the toric braid (σ 1 σ 2 ) 7 . Thus, a regular projection of 8 17 is same as a regular projection of a torus knot of type (3, 7) . To obtain a regular projection we consider the parametric plane curve: The projection is shown in figure 4 .1 below Observe that 8 17 Knot is obtained from the toric braid representation of (3, 7)-torus with 7 crossing changes. From the quasitoric representation we notice that there are 9 variations in the signs at the crossing points as we move along the knot. Thus when we compute the parametric values at the crossing points we construct the polynomial h(t) using the algorithm in Lemma 20, as h(t) = (t+4.138362)(t+3.86)(t+2.416735)(t+1.2)(t)(t−2.416735)(t−1.2)(t−3.86)(t− 4.138362). This polynomial provides us the under/over crossing data for 8 17 . A 3 dimensional plot for the curve given by (x(t), y(t), z(t)) = (f (t), g(t), h(t)) is shown below in figure 4.2. figure 4.2
Polynomial representation of all knots upto 8 crossings
Here we include polynomial representations for all knots upto 8 crossings.
One can plot their 3 dimensional plots in Mathematica or Maple by giving the "spacecurve" command. 3 1 Knot: 
t → (−14t + t 3 , −1/1000(t + 3.059911918) × (t − 4.2519) × (t + 1.12) × (t − 2.185) × (t + .24) × (t + 4.095) × (t − 1.19) × (t − .65125) × (t + 3.5) × (t + 3.935), (t + 4.272945) × (t + 4.13026) × (t + 3.841115) × (t + 3.348575) × (t + 2.91925) × (t + 2.126655) × (t + 1.29503) × (t + 0.6536465)
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